Introduction
By a well-known result of Lichnerowicz 18] , there are manifolds which do not admit positive scalar curvature metrics. Lichnerowicz observes that the existence of such a metric on a closed spin manifold Lichnerowicz' result was generalized by Hitchin 12] , who constructs a version of the Dirac operator D(M) which is selfadjoint and commutes with an action of the Cli ord algebra C`n, where n is the dimension of If M has nite fundamental group , the manifold M in the discussion above can be replaced by its universal covering f M. The -action on f M by deck transformations induces a -action on the kernel of the Dirac operator D( f M). This action commutes with the C`n-module structure, and hence ker D( f M) is a module over C`n R , where R is the real group ring of . As in the case = f1g discussed above, the element is independent of the metric. The quotient of these Grothendieck groups is isomorphic to KO n (R ), the real K-theory of R (more or less by the de nition of these K-theory groups).
Let be an arbitrary fundamental group. This conjecture has been proved for simply connected manifolds 28]. It has been proved for manifolds whose fundamental group is odd order cyclic 23], 15], is of order 2 24] , or which is one of a (short) list of in -nite groups, including free groups, free abelian groups, and fundamental groups of orientable surfaces 25].
The main result of this paper is the following theorem.
Theorem 1.2. The Gromov-Lawson-Rosenberg Conjecture is true
for nite groups with periodic cohomology. We remark that by a theorem of ] the GromovLawson-Rosenberg Conjecture is true for a nite group if and only if it is true for all Sylow subgroups of . It is well known that nite groups with periodic cohomology are precisely those nite groups whose p-Sylow subgroups are cyclic for odd p and cyclic or (generalized) quaternion groups for p = 2. So the new result is that the conjecture is true for cyclic groups of order 2 k for k 2 and for generalized quaternion groups.
We recall that a smooth space form is a manifold whose universal covering is di eomorphic to the sphere S n . The fundamental group of a space form has periodic cohomology, and space forms are spin manifolds for n 3 mod 4. Using the fact that KO n (C r ) vanishes for nite groups and n 3 mod 8, Theorem 1.2 implies in particular that every smooth spherical space form of dimension n 3 mod 4 admits a positive scalar curvature metric, a result due to Kwasik and Schultz 16] . In Section 2, we outline the proof of Theorem 1.2 and explain the role of the remaining sections.
Outline of the proof
Let M be a spin manifold of dimension n (all manifolds considered in this paper are smooth and compact; their boundary is empty unless mentioned otherwise). In the introduction, we described the invariant (M), the`equivariant Cli ord index' of the Dirac operator on the universal covering of M, which lives in KO n (C r 1 (M)). Generalizing slightly, if f : M ! B is a map to the classifying space of a discrete group , we de ne (M; f) 2 KO n (C r ) to be the -equivariant Clif- ! KO n (B ) ! KO n (C r ):
Here ko n (B ) (resp. KO n (B )) is the connective (resp. periodic) real K-homology of B , D and p are natural transformations between these generalized homology theories, and A is known as the assembly map.
The proof of Theorem 1.2 will be based on the following result. Let To prove the converse inclusion when is a cyclic group C l or a quaternion group Q l of order l = 2 k , we consider lens spaces and lens space bundles over S 2 (in the case = C l ), respectively lens spaces and quaternionic lens spaces (for = Q l ). We furnish these manifolds with spin structures and maps to B , and consider the spin -submodule of To prove this result, we basically compare the order of the group f ko n (B ) and the order of the subgroup D(M n (B )). For this calculation, we need invariants that allow us to identify the elements represented by lens spaces, resp. lens space bundles, resp. quaternionic lens spaces in f ko (B ) . It turns out that the eta invariant provides the desired invariant. We recall that the eta invariant (D) of a selfadjoint elliptic operator D is a real number which measures the asymmetry of the spectrum of D with respect to the origin (na vely, it is the number of non-negative eigenvalues of D minus the number of negative eigenvalues).
We recall that a nite dimensional complex representation of a discrete group determines a vector bundle V over the classifying space B . and we set (n; C l ) = 1 and (n; Q l ) = ? otherwise.
We prove this result in Section 3 using the Atiyah-Hirzebruch spectral sequence. For the quaternion group, we only determine the order of f ko n (BQ l ) for n 3 mod 4, since the calculation in the other cases would involve determining some higher di erentials. This can be done, but is not done in this paper, since the above statement turns out to su ce for our purposes.
Theorem 2.5. If is the cyclic group C l and n odd, n 6 1 mod 8, or if is the (generalized) quaternion group Q l and n 3 mod 4, then the order of p(D(M n (B ))) is greater or equal to (n; ). For n 1 mod 8, the order of p(D(M n (C l ))) is greater or equal to 1 2 (n; ), and the order of p( f ko n (BC l )) is greater or equal to (n; ). This Theorem is proved by explicit eta-calculations in Section 5 (for = C l ) and in Section 6 ( for = Q l ), respectively. We note that taken together, Theorems 2.4 and 2.5 imply the following result, which might be of independent interest. 
ko-homology calculations
The goal of this section is to provide the necessary information about the connective KO-homology of the classifying spaces of cyclic and quaternion groups. We do not attempt to calculate these groups, but rather content ourselves with extracting all the information necessary for the proof of Theorem 2.3. The method we use is the Atiyah-Hirzebruch spectral sequence, and for the convenience of the reader we recall its basic properties.
Atiyah-Hirzebruch spectral sequence. Let this module structure comes from the action of ko on the coe cients.
On the E 1 -term, the module structure is induced from the ko -action on f ko (X). These module structures are compatible with the di erentials (i.e., d r (xy) = xd r (y) for x 2 ko and y 2 E r ), and the module structure on E r induces the module structure on E r+1 . , which does not a ect the di erential (3.5). We note that this quotient is homeomorphic to the Thom space of the Whitney sum of 4m copies of the Hopf line bundle over RP KO n (BQ l ) (for dimensional reasons, elements in E r p;n?p , p 0 mod 4 of that spectral sequence can never be hit by a di erential). For n 2 mod 4, p 3 mod 4 the vanishing of E 1 p;n?p implies x 2 F p?1 contradicting our assumption. For n 0 mod 4 (resp. n 1 mod 4) the multiplicative structure of the spectral sequence implies that modulo elements in F p?1 the element x is in the image of (resp. ). Inductively it follows that the kernel of p is equal to the image of (resp. 2 ) for n 0 mod 4 (resp. n 1 mod 4). q.e.d.
Analytic results concerning the eta invariant
The goal of this section is twofold: on one hand we want to show that the eta invariant leads to a well de ned homomorphism dimension of its kernel and cokernel is even. Let J 1 : ! be complex conjugation (resp. multiplication by j 2 H ) if is a representation of real type (resp. quaternionic type). We note that J 1 is C -antilinear, it commutes with the action of the real group ring R , and J 2 1 = 1 (resp. J 2 1 = ?1) if is a real (resp. quaternionic) type. We call J 1 a real (resp. quaternionic) structure on . We claim that the C C`n-module has a real (resp. quaternionic) structure J 2 : ! for n 7 mod 8 and a real structure for n 3 mod 8 (i.e., J 2 is a C -antilinear homomorphism which commutes with the action of the real Cli ord algebra C`n such that J 2 2 = 1). This follows from the fact that C`n is the sum of two matrix algebras over R (resp. H ) for n 7 mod 8 (resp. n 3 mod 8 
We note that the standard metric on H P 2 has positive scalar curvature, and that we can equip the total space of an H P Tr( (g)) ( (g)): (4.2) Let R( ) be the group representation ring of a nite group and let R 0 ( ) be the augmentation ideal of all virtual representations of virtual dimension 0. If we restrict to 2 R 0 ( ), then we can assume that g 6 = 1 in equation (4.2). We shall assume henceforth that the metric on M has positive scalar curvature so that there are no harmonic spinors and E(0; M) = f0g; this will be crucial for our analysis.
We now assume that M is the boundary of a compact spin manifold N and that the action of the group extends to an action of by spin isometries on N. We do not, however, assume that (g) is xed point free for g 6 = 1. We assume that the metric on N has positive scalar curvature and that M is totally geodesic. We wish to compute ( (g)) in terms of the xed points of the action on N.
Suppose for g 6 = 1 that (g) has isolated xed points in the interior of N. At such a xed point x, det(I ? d (g))(x) 6 = 0. We denote the rotation angles of d (g)(x) by 2 (0; 2 ) and de ne the defect relative If the xed submanifold is higher dimensional, the defect formula is a bit more complicated. We assume that the xed point set of (g) in N is a Riemann surface X and that the normal bundle X decomposes as a direct sum of complex line bundles X = H 1 ::: H k : We further assume We apply this observation as follows. Letã = (a 1 ; :::; a k ) be a collection of integers coprime to l. Let We compare these two equations to seeF( ) = (1+ )=2 (1? ). q.e.d.
The range of the eta invariant for cyclic groups
In this section, we prove Theorem 2.5 for cyclic groups, see Proposition 5.1 below. It then follows that the eta invariant completely detects the connective K-theory of cyclic groups in odd dimensions. We adopt the following notational conventions. Let C l be the cyclic group of order l = 2 k , which we will identify with the subgroup of S There is a natural identi cation 1 (X 4i 1 (l;ã)) = C l that gives these manifolds natural C l structures. Since l is even, these manifolds admit two inequivalent spin structures. We x the spin structure by de ning the square root of the canonical (or determinant) line bundle to be det( a 1 : : : a 2i ) 1=2 := (a 1 +:::+a 2i )=2 :
We may then use Theorems 4.6 and 4.7 to compute the eta invariant.
In taking the square root of the canonical bundle, we needed the a to be integer valued and not just de ned mod l. We give these manifolds the natural metrics of positive scalar curvature. Let X n 0 be X n with the trivial C l structure, and letX n := X n ?X n 0 de ne a bordism class X n ] in e spin n (BC l ). Let M (BC l ) spin (BC l ) be the spin -submodule generated by the elements X n (l;ã)]; see (2.2 and assertion (a To check that~ (Z 9 ) has order at least 2 k?1 , we let = s ( 0 ? 3 ) for suitably chosen s. Choose a so 3a 1 mod l. Then 
The range of the eta invariant for generalized quaternion groups
In this section, we complete the proof of Theorem 2.5 by dealing with the generalized quaternion groups; see Proposition 6.1 below. We also show that the eta invariant completely detects the connective Ktheory of these groups in dimensions congruent to 3 mod 4. We adopt the following notational conventions.
Let i, j, and k be the standard elements of the quaternions H . For q 3, identify the generalized quaternion group Q l of order l = 2 q with the subgroup of S 3 H generated by the elements = e i=2 q?2 and j; these are the generalized quaternion groups we shall be studying. We notice that the representations t , t = 1; 2; 3 are nontrivial on the subgroup H 1 if and only if q = 3, so this case is slightly exceptional.
To have a uniform notation that covers this case as well, we de ne the virtual representations . Each entry 2d=l in R=Z is followed by an entry d=l in R=2Z, and the product of the orders is l 2 . q.e.d..
